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1. INTRODUCTION 
Let C, denote the class of continuous and 2a-periodic (or hounded if 
a = ,x) functions defined on the real line? and let S?(f; X) denote the 
transform ofSE C, by the linear operator 9: 6, + C, . 
In this paper we investigate the degree of approximation to functionsj’,c C, 
by sequences of certain types of rtonpositive linear operators in the Tchebychef? 
norm. The motivation for this investigation is the fact that certain types of 
sequences of positive linear operators, (L?J, can only achieve a degree of 
approximation as good as PZ+ for any interesting class of functions. This has 
been established by Korovkin [5] for sequences of positive linear 
trigonometric polynomial operators of degree n, and by Butzer El] for 
positive linear operators of the type 
where H(t) is a positive, even function continuous at 0, with Jzm .H(t) dt = 1, 
In order to improve this degree of approximation, we introduced in 141, 
a special type of “nonpositive operator, namely: a LX-zero o~~F&or of the 
form 
where P)(U) E C, is an even function that oscillates across the u-axis a fixed 
number of times in a prescribed manner (see Definitions I and 2)~ Necessary- 
and suEcient conditions were given in [4] for sequences, (L?if)(Jf; xj), r,f 
such 2k-zero approximating functions to converge uniformly to J(x) E C, ~ 
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In the present paper, it is shown that for sequences of 2k-zero trigonometric 
polynomial operators, {Yc)>, and 2k-zero operators, {s’PF’}, of the type (1.1) 
(see Definition 3), better degrees of approximation are possible for certain 
classes of functions. In particular, 2-zero operators may yield better degrees 
of approximation than is possible with positive linear operators of these types. 
On the other hand, it is shown that no matter how “smooth” f E C, is, the 
degree of approximation to f is not better than PZ-~~-~ for these types of 
2k-zero operators. These results are contained in Theorems 2, 3a and 3b. 
Further, a method for constructing 2k-zero operators is discussed (Theorem 1) 
and some examples are given. 
DEFINITIONS 
Let p(t) be an analytic, even function defined on [--a, a] such that ~(0) = 0 
and p(t) is strictly increasing on [0, a]. Denote thejth p-nzommt offs C, by 
Mh.f 1, i.e., 
WCu,f) = fe ,W>f(t> 4 j = 0, l,..., ‘--a 
and set Al,(f) = M&,f) whenever convenient. 
We call 01 a simple zero of a function f E C, if f(a) = 0, and 
for some E > 0, 01 - E < (I < 01 < 6, < 01 + E implies f(S1)f(&J f 0, 
wM531 = -wW5Jl. 
DEFINITION 1. A function K(t) E C, is called a kernel if 
(i) K(t) = K( -t), 
(ii) M,(K) = 1. 
If, in addition, K(t) has exactly k simple zeros 01~) i = 1,2 ,..., k, in (0, a) 
and for some p(t) we have 
(iii) M,(p, K) = 0, j = l,..,, k, 
then K(t) is called a 2k-zero kernel with respect o p, and is denoted by K(“)(t). 
DEFINITION 2. Let =YP): C, --t C, be the linear operator defined by the 
convolution 
cY(“‘df; x) = 
s 
a f(t) Kfk’(t - x) dt, 0 <u < co, fECa, 
--a 
where Kc;’ is a 2k-zero kernel. Then .Z’(“) is called a 2k-zero operator. 
KERNELS OF FINITE OSCTlLL.4TION.S 229 
DEFINITION 3. (a> Let a = 7r and p(r) = sin”(ri2). For a Sxed k and 
each 12, let 3:’ be a 2k-zero operator such that 9’~Yj”; x) is a trigonometric 
polynomial of degree r?. Denote these operators by .9-i:‘) and set M/(.f) _- 
Mj[sinz(t/2)Zf], j > 0. (Note that F~‘(f: x) is a trigonometric poiynomia! 
of degree M, for every .f E C, , if and only if A,? i(‘)jt) is a trigonometric 
polynomiai of degree rz.) 
(b) Let a = 03 and p(t) = t2. For a given Jc and a given Z/~-zero kernel 
IP) with respect to p, define K;“)(t) = nEP(n~), I? = 1. 2,... I Denote the 
operator defined by the 2k-zero kernel Kc) by ;&IJJ and set l\f.Bi l‘, ,l 1, i./ I :- 
AcC~(P,~~~), j 3 0. It is assumed in this case that ,44F+1(i HCJC) 1) esists. 
2. CONSTRUCTION OF 2k-Zmo Y<ERNEL~ 
The construction consists of multiplying a positive, Cieil function K(r) E G;, 
by an appropriate even function p*(t) E C,, which has exactly 2k zeros in. 
(-a. a). 
We show that if A(t) is a function defined on [-a, c], satisfying certain 
conditions, then there exists an algebraic polynomial p(x) of degree k such 
that we can take p,,(t) = p@(t)), t E [-a, a]. Furthermore, we have then 
M,,(h, &) = 1 and Mj(X, p,,K) = 0, j = l,... I k-. We first note the following 
fact: 
Fact 1. Let f(t) (+ 0) be a nonnegative, even, continuous function on 
[--a, a]. Let h(t) be defined on [-a, L?] and suppose (Ai(t)),~& is linearly 
independent on [-a, a]. Then, if the h-moments Mj(A,jJ,,j -= O!..., 2k, e&t, 
the system of equations 
where 6, = 1 and aj = 0, / 3 1, has a unique solution. 
The proof of this fact is accomplished by showing that the coeEcieni matrix 
of (2.2) represents a positive definite quadratic form (Hoff [3]). 
THEOREM 1. Let K(t) E C, be a nomegatipe (f 0) even ftmction a& /et 
p(t) be as in Section 1. If the p-moments Al&, KJ j = 0, I,...: 2k: exi&, the.~ 
there is a polylzomial p(x) = &,, yixi such that if we set p,(t) = p(,u(t)) $0~ 
j t / < u and extend p,(t) periodically to the whole real Iii~e if ~3 < m, their 
p,(f) K(t) i.~ n 2k-zero kernel. 
64o/r2/2-3 
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PfooJ Since p(t) is strictly increasing on [Q, a], {pi(t))to is linearly 
independent on [-a, a]. By Fact 1 with h = p and f = K, there exists a 
solution {/3L)tZ0 to the system (2.2). Let q(x) = zf=, &x” and set cl,(~) = 
q(pFL(Q), t E c-a, al- If a < co, extend q,(t) to the whole real line as a 
2a-periodic function. Then qU(r) E C, is even and qU(t) K(t) satisfies conditions 
(i), (ii), and (iii) of the definition of a 2k-zero kernel with respect to p 
(Definition I). Furthermore, since q,(t) K(t) satisfies condition (iii) of Defini- 
tion 1, qU(t) must have at least 2k simple zeros in (-a, a) (Hoff [3]). On the 
other hand, q(x) has at most k simple zeros in (-a, a). Therefore, since p(t) 
is even and strictly monotone on [0, a], q,(f) = q&(t)) has at most 2k 
simple zeros in (-a, a). Thus, with p(x) = q(x), the theorem is established. 
Examp Ies 
We first construct 2-zero and 4-zero kernels of the form nH(~zt) on 
(-co, co). Consider the positive Weierstrass kernels 
and note that MjH( WL”) j = (1 . 3 . . (2j - 1))/(2r?)j,  3 1, and MoH( WA”)) = 1. 
Solve (2.2), with f = W,, , (O) x(t) = tS and k = 1. This yields the solution 
PO = % and PI = -n2. Th ere fore, we have the sequence of 2-zero kernels 
with zeros &a,, = &(l /II) ~13. Similarly, with k = 2, we construct the 
4-zero kernels 
with zeros 
As another example, consider the positive nth degree trigonometric 
polynomial 
V$‘(t) = (co, $)““, 
Solve (2.2), withf = (l/p) k’p, A(t) = jsin(t,“;)j” and ic == i. This yields ic 
sequence of I-zero trigonometric polynomial kernels of degree if -r i : 
The zeros of these 2-zero and 4-zero trigonometric krneIs are ali DE tk 
order 8(+/“). 
FIG. 1. Kernels f+‘Fl: fz = !, 2, 3, 4. 
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We note further that (M,,H(j WC) 1)) and {MOT(l V,l” I), j = 1, 2, are 
bounded sequences. Therefore, from the results in Part I on convergence, 
since the sequences of kernels {l?$!/)j and { Vt’>, j = 1, 2, peak, each one 
defines a sequence of a-zero or 4-zero operators which, when applied to an 
SE cc7 > converge uniformly to it. 
A Special Example 
We now construct a special sequence of 2k-zero trigonometric polynomial 
kernels. These kernels are used later in proving Theorem 3b concerning the 
degree of approximation of trigonometric operators. The kernels are 
constructed from generalized Jackson kernels, i.e., positive trigonometric 
polynomials of degree 2(n - l)(k + 1) of the form 
sin A!- 
i 1 
4t+4 
2 J&t) = 12-J- __ t y k=l 3 ) d,.... (2.3) 
sin - 2 
We first state, without proof, the following two facts (Hoff [3]): 
Fact 2. For k 3 0, let 
Sj, z n- 4k-3 jr fsin zixj dt 
( 1 
3 (2.4) 
--?i sin - 2 
and 
*CC 
CTj = 4 
J 
(sin t)4&4 
t4”+&2j dt < co, 
0 
$jn = gjn-2j, .j = 0, l,.,., 2k + 1. (2.6) 
Then 
Sj, = h?j~ + O(lC2i). 
Fact 3. Let fjn be defined by (2.6). Let 3 be the (k + 1) x (k + 1) matrix 
and let si be the submatrix of ,Y? obtained by crossing out the first row and 
ith column of 3. Then there are constants b, f 0, b, ,..., bk,, such that with 
k’ = 2k(k + l), we have det 9 = b,,+’ and det si = bi1+‘+2(+-1), i = 
1 ,..., k + 1. Furthermore, if &M) is a permutation of the integers 
m = 0, l,..., k, and if we set mp == IX + p(r?z), then 
LEhlMA 1. Let .Innr: be defied by (2.3), k >- 1. Tl7en :here exist 2/z-zcw 
kerf7els of the firnz 
where ciz) = O(~Z”~) as 12 -+ 00, i = 0, I,..., k and N = &a - l)(k + 1). 
Pl‘Ot3jfI Let s,, be defined by (2.4) and consider the system of equations 
i = 0, l,..., k, (LY> 
where 6, = 1, 6; = 0, i > 1. Since Mj’(J,k) = s,, , therefore> by Fact I ~ 
with A(t) = sin2(t/2) and f = fnk ) a sohttion (xi) 7 (cjfi’), i = O,..., A-, 
exists for (2.8). Hence, by Theorem 1, with q(~) = CrEo cj,E!xi and p(t) = 
sin*(t/2), the functions (2.7) are 2k-zero trigonometric polynomial kernels, 
We now show cjz) = O(FP), i = O,..., k. Note, first, that by Fact 2, 
s,, = ?jn + ~(n-~j), where ijn is defined by (2.6j. This may be rewritten in the 
form sin = $jn(l + ejn), where q,, + 0 as n + CC. 
Let S be the coefficient matrix of the system of equations (2.8): 
and let Si denote the submatrix of S obtained by crossing out the first row and 
itb column of S. We show that, with k’ = 2kjk + I), det S = E,@’ +- o(6’) 
and det Si = O(n-Jz’fg(i+l)), i = I,..., k + 1, where b, is some nonzero 
constant. Let ~(172) denote a permutation of the integers i72 = 0, ! ,...i k, and 
let m, = nz + p(m). Then 
(2.9) 
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where 3 is the matrix defined in Fact 3, and D, is a sum of terms of the form 
1 G k, 
where each qnlti s one of the E.,,?~~ . By Fact 2, nt=, s.~~~~~ = O(r+‘). Hence, 
since ?lm12 + 0 as tz --f co, D, = o(+‘). Also, by Fact 2, we have det 3 = 
b,rz-“‘, b, # 0. Therefore, from (2.9) we obtain det S = b,rz-“’ + o(&‘), 
b, f 0. In a similar manner, it can be shown that det Si = O@~-~‘fl+l)), 
i = l,..., k + 1. 
Now if we solve the system of equations (2.8) by Cramer’s rule for the 
unknowns cj”,) = xi , we obtain 
i = 0, l,..., k. This establishes the lemma. 
The 2k-zero operators defined by the trigonometric kernels Ei;li”) constructed 
in Lemma 1 yield approximating functions $$)(f; X) which are themselves 
trigonometric polynomials in x of degree N = 2(12 - l)(k + 1) + k. The 
representation of these approximations as trigonometric polynomials may be 
obtained as follows. 
Since Jlzk is an even trigonometric polynomial of degree n’ = 
2(rz - l)(k + l), it admits the representation 
Jnk(f) = +-3 n’ (‘) ,F, pii cos it, k >, 0, 
where pji’ = C+Z”“+~), i = 0, l,..., n’. Therefore, 
= 72-dB-3 JFo ~2’ cos it (2.10) 
where the {u~~‘}~“=, may be calculated from the coeflicients (cjk)}FO and the 
values {p$J};fkI;, . Since J&t) = rLIJ,,,(t)lL’fl, therefore, for fixed n, the p$) 
may be calculated recursively with respect o k, having (Schurer [8]) 
(0) - 1 
Pin - 3 I 
3i2 - Wn - 3i + 4n3 f 2n, 1 <i <If, 
i3 + 6&z - i(12nz - 1) + 8n3 - 211, 12 < i < 2(M - 1) 
p!J = i(2n3 -t n). 
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We then obtain 
where 
For exarqle, if k = 1, we have from (2.10) the 2-zero kernels 
5. ASYMPTCXIC BEHAVIOR OF THE 2k-ZERU OPERATOWS~~') AND s?:$~ 
Criticd Degree of Corzvergeme 
In this section we show that for the operators Zi:i and ~~c~zk~ defined in 
Definition 3, Section 1, better degrees of approximation are possible for 
certain classes of functions. On the other hand, we show that there is a limit; 
in a certain sense, to this improved degree of approximation. 
To state these ideas more precisely, we let /j . I! denote the Tchebycheff norm 
and make the following definitions. 
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DEFINITION 4. Let {P..} be a sequence of operators defined on C, , and 
let $(Fz) be a positive function defined on the positive integers. Then {,Ep,} is
said to have critical degree of convergence G(n) if: 
(9 YW = 41); 
(ii) there exists anfe C” such that 
(iii) for everyfE C”, 11 z‘(f; X) -f(x)11 = O(#(Iz)). 
DEFINITION 5. Let $(rz) be a critical degree of convergence for a sequence 
of operators {AFn}. If there exists a set of functions S* C C, such that 
I/ 5Fn(f; X) -f(x)\\ = 0($(n)) if and only iffE S*, then S* is called a domain 
of critical degree for {=Yn}. 
The moduli of continuity of order one and two of an f E C, are defined, 
respectively, as 
and we note that for any r >, 0, wr(f, rh) < (1 + r) o,(f, 12). We then define, 
for every integer m > 0, the following classes of functions: 
c’” = (f~ Ca: f has a continuous 171th derivative}, 
P = {f E Cn: q(f bn), h) < Bh for some B > 0}, 
Z" = {fE C&f(m) continuous and ~~(f(?~), h) < Bh for some B > 0}, 
and note that P+l C P C Z” C P. 
To illustrate the concepts of critical degree of convergence and domain of 
critical degree, consider positive linear operators. Let {&} be any sequence of 
positive trigonometric polynomial operators of degree 12 (which do not 
necessarily have to be of the convolution form given in Definition 2). 
Korovkin [5] has shown that there exists anf E Cm (e.g., one of the functions 1, 
cos x, sin x) such that 11 &(A x) -f(x)\1 = o(n-‘) is false. It is known, 
however, that for the positive trigonometric polynomial Jackson operator of 
degree 2(rz - I), defined by 
3 
dt, (3.1) 
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we have Ii .&(f; x) -f(x)/ = O(rz) for everyfE C”. Hence $i(r7) == IZ-~ is a 
criticai degree of convergence for the Jackson operators {J”;,>~ Moreover, 
Eorentz [6] has shown that a domain of criticai degree for these operators 
is P. Also, for the positive operators of the type AC::’ defined in Definition 3b, 
Butzer [I] has shown that {zP)> has a critical degree of convergence 
i&2) = n-2. 
Pi-OOj'. Consider first the local asymptotic behavior of A?i,“)(f; x) -f:,n) 
for)r~ P+“. Following the method of proof of Butzer [I; we expandf(t) in 
its Taylor’s series with a remainder: 
where f72 = 2k + 2, ft lies between x and x + I, and we assumej(‘~l)(xj f 0. 
Let l?(tj = f!m)(ft) -f”“‘(x). Then 
Since H(U) is an even function, the summands corresponding to t = 
1, 3,..., 2il- - 1 vanish. From the definition of a Zic-zero kernel (condition iii 
of Definition 1) it follows, however, that the summands correspcnding to 
I’ = 2, 4,..., 2k also vanish. Hence, we may rewrite C-3.3): 
Let 1, and Lz denote the first and second integrals in (3.4) respectively. Then 
138 J. C. HOFF 
Now sinceffqn)(t) is continuous and bounded, for every E > 0 there exists a 8, 
such that / B(t)\ < E when 0 < / t / < 6, ; and there is a B > 0 such that 
1 tl(tjl < B for all t. Given E > 0, write 
r, = (Jli,,, + j,11>8.) ‘ze(t>t”“H”i’(nt) dt. 
--E 
Let 12,, and Ir2 denote the first and second of these integrals, respectively. Then 
From Definition 3(b) we have that IW~..+~([ IV) I) exists. Therefore, there is an 
NE > 0 such that for ~1 > NE we have 
Hence, [ IP2 j < cBn+ and 
where B’ == B + M&,(i Wk) I). From this result, (3.4) and (3.5), we have, 
for each fixed x such thatf(“)(x) f 0, that 
Thus, iff(“)(t) + 0, then (3.6) implies that 
11 *l;“)(f; X) - f(x)11 f o(ia-mj, rn = 2k + 2. (3.7) 
Note that if we did have I! ~‘Pk~)(f; x) -f(x)!] = o(n~?), thenf(‘“)(t) = 0, in 
which casef(t) must be a polynomial of degree nz - 1 = 2k + 1. 
Now consider the global asymptotic behavior of the difference 
AC!~)cf; x) -f(x); we letfe Yzk+-l. By an argument similar to the one used in 
deriving (3.4) we have 
Xf’(s; x) -f(x) = (Il.l ” 1>, spa O(t) WI+(nt) dt. (3.8) . P 
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Relation (3.9) together with (3.7) imply that $ji?) = IE-~~--~ is a critical degree 
of convergence for (.sY,“~}. Moreover, (3.9) implies that Yer-:-i C S-“, where S” 
is a domain of critical degree for (2 4’;. This concludes the proof cf the 
theorem. 
Recall that the assertion of Theorem 2 concerning critical degree of 
convergence holds for any sequence of 2k-zero operators of the type &?J,“j. 
This is not too surprising since the S/f’ are a very specia! type of 2h--zero 
operators whose kernels are generated from a single kernel function. For 
sequences of 2h--zero trigonometric polynomial operators, however, it is not 
necessarily true that a degree of convergence as good as IZ-~~+~ sari be achieved 
for sufficiently smooth functions, even if the degree of convergence improves 
as k increases (as for example, is the case for the sequences of operators 
defined by the 2-zero and 4-zero kernels V*i:? and F/J:’ constructed in 
Section Z), On the other hand, it is true that every sequence (.Fr)j satisfies 
condition (ii) of Definition 4 with #(n) = II-$!‘-‘?, i.e., there exists an f~ CT 
such that lim -n+m nzk;+2 11 FLk)(fS XT) -f(s)11 > 0. Furthermore, a particular 
sequence of 2k-zero trigonometric polynomial operators can be constructed 
that does indeed have a critical degree of convergence ,+iz--f” These assertions 
are contained in the following lemma and theorems. 
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LEMMA 2. Let {FF)} be a sequence of 2k-zero trigonometric polynomial 
operators k > 1, as defined in Dejinition 3a. Then for g(t) = (sin(t/2))“k+2, 
we haue I] F-(,“)(g; x) - g(x)11 > c12-2~-2, c > 0. 
A proof of this lemma is given in Hoff [3]. The proof proceeds by induction 
on k and depends upon showing that all the zeros of the kernels satisfy 
1 01,~ 13 cl+, cl > 0, i = l,..., k, and then employing the well known 
result that if T,+,(x) is the (PZ + l)st degree trigonometric polynomial of best 
approximation to 1 sin x 1 on [-rr, rr], then /I T,+,(x) - 1 sin x I I/ > cl+, 
c1 > 0 (Korovkin [5]). 
From this lemma we immediately obtain 
THEOREM 3a. Let {Fif’} be a sequence of Zk-zero trigonometric polynomial 
operatoss, k 3 1, as dejined in Definition 3a. Then there is alz f E Cm such that 
lim n x+2 I/ qyf; x) - f(x)11 > 0. 
n+m 
Remark. The paper by Butzer, Nessel and Scherer [2] establishes this 
theorem using a more general approach. It is shown that if {K,(u)} is a 
general sequence of even, trigonometric polynomials of degree n such that 
K,(O) > 0 for n sufficiently large, and if K,(U) has exactly 2k changes of sign 
for each n > 2k, then at least one of the k + 2 sequences 
(n2k+2 I/P!(cos iu; x) - cos ix iI>, O<i<k+l, 
does not tend to zero as IZ -+ cc), where 
cYn(f; x) = & 1; f(t) K,(x - t) dt 
77 
and II * jl can be taken as the Tchebycheff or as any L, norm, 1 < p < co. 
Similar types of results are also given for nonsymmetric K,(U) and for K, 
such Kn(0) < 0 for sufficiently large n. 
We now prove an analogous theorem to Theorem 2 for a particular 
sequence of 2k-zero trigonometric polynomial operators. The following facts 
are needed (Hoff [3]): 
Fact 4. Let k, m, and i be positive integers such that k > 2 and 
112 + i < 2k. Then 
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Fmf 5. Let ill(t) = (~in(t/2))~, i = I,..., 2ic _L 1. Thei; 
and tit is between 0 and t. 
We also make use of a well known r-es&t due to Zygmund [lo]: 
Fact 6. Let T,(X) be the rzth degree trigonometric polynomial of best 
Tchebycheff approximation to the periodic function j(x). Then for any 
integer HZ 3 I, 11 T,(X) -f(x)11 = O(~P-~) if and only iffy Z”‘. 
THEOREM 3b. There exists a sequence {.Ysk’)] oJf 2k-zero trigonontefric 
polynomial operators whiclz has a critical degree o,f conoergence Z/(E) = YZ-2is-5. 
k 2 I, and a domain qf critical degree, S*, $atisfj,ij?g yZi--l c S* _C zZ+L. 
PYOOJ Let {.F$‘> be the sequence of 2k-zero trigonometric polynomial 
operators defined by the kernels i?&‘) constructed in Lemma 1: 
where N == 2(12 - l)(k + I) + rE- and J&t) is defined by (2.3). We sho:v 
that /j .#;)(A X) -f(x)11 = 0(/z-“‘“-“) for everyj”~ P. We in fact show that 
this hoids for everyfg P2:+l. 
LetfE p+l; expandfjt) in its Taylor series with remainder at .r E C-T, z]: 
f(t + x) -f(x) s -f f:y- .fi + -.& 8(t) i”“’ 
i=l 
(3,l!j 
where m = 2k f 1, B(t) =f(“l)(ft) -j(n’J(.x), and ct lies between x and 
t + x. From the representation of ti, i = 1 ,.~.) 2k, given in Fact 5, (3.11) ma; 
be rewritten as 
f(t+$-J(x)= ipi( sin +)i + ii e(t) t’” + . 
where &t) is defined in (3.10) and each coe&ient bl is a sum of terms 
involving the derivatives off at x and the coefficients a,j defined in (3.!0). 
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Therefore, since M,,T(E$‘) = 1, we have 
$j’(f; x) -J(s) = s” [f(x + t) -f(x)] @(t) dz 
-?T 
+ 2 bi In &> tm+l@‘(t) dt. 
i=l -?r 
(3.12) 
The first sum in (3.12) vanishes. This follows from the fact that the terms 
with i even vanish since MjT(&$)) = 0,j = l,..., k, and the terms with i odd 
vanish since (sin(t/2))i xi!)(t) is an odd function for i = 1, 3,..., IX 
As to the second term in (3.12), since 
we have 
1 j;r e(t) t”k:‘(t) / d w1 p), ;) j;T I(1 + lz I t I) t”Ii?,$‘(t)l dt 
But, by Lemma 1, 1 c~,~’ 1 = O(@), i = 0 ,..., k, and, by Fact 4, 
c&.(t) dt = o(F2-‘-“i), j + 2i c 4k + 4. 
Hence, 
/ j” e(t) t”@(t) [ = 0 (ml (f’“.‘, ;j n-m). 
-m 
Finally, the last sum in (3.12) is 0(1zP--l). This follows since for i = l,..., ~12, 
/ &t)] < B, where B is some constant depending on k, and hence, by 
Lemma 1 and Fact 4, 
zzz O(p-), i = 1, 2 ,..., 172. 
where r&.x) is the trigonometric polvnomiai of degree N of best Tchebyche8 
approsi&ation to f (x). Hence, S* C ZZX’fl. This concludes the proof of the 
tbeorm. 
Since 1: TiZ(x) -f(x)jj z O(P’-~) does not implyj”E Y8”: we were unabie? 
in the proof of Theorem 3b, to characterize S* as being rxactry PT~, using 
:he type of argument employed there. But, as was noted pt’eviousiy, a domail: 
of critical degree for the positive Jackson operators (3.2) is I”. This leads one 
to conjecture that a domain of critical degree for rhe 2k-zero operators (:p!$> 
is indeeti Y”“‘+l. The methods of proof empioyed for the positive Jackson 
operators, however, seem intractable for these 2k-zero operaxx 
A simple example is given in Tables I and II, which compare the errors in 
approximation to .f(t) = [cos(t/2)]” at f = C using the positive? a-zero a& 
&zero operatsrs defined by the kernels WC’ and VAi”‘: i = 0, I, 2, constructed 
in Sectioil 2. By Theorem 2, we can expect the Gperators defined by WF’, 5;V,“! 
TABLE i[ 
If::‘!-.~pproxiination Errors for (cos t:2)” at I = 0 Using Positive, 
2Zero and 4-Zero Operators (i = i), i. 2) 
Positia~e 
0.2501660 
0.0833 193 
0.0394717 
0.0227269 
0.01470.5s 
0.0102736 
0.0075757 
Z-Zero I-Zerc 
___-- 
0.0825120 0.02&2??9 
0.0092754 0.0010351 
0.0020808 0.00013d6 
0.0006394 0.0000206 
0.0002885 0.0000056 
0.0001408 0.0000019 
0.0000765 0.0000007 
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TABLE II 
VA”-Approximation Errors for (cos t/2)6 at t = 0 Using Positive, 
2-Zero and 4-Zero Operators (i = 0, 1,2) 
12 Positive 2-Zero 4-Zero 
1 0.453125 0.124999 0.015624 
2 0.343749 0.081249 0.008928 
3 0.278124 0.057142 0.005795 
4 0.233928 0.042410 0.003719 
5 0.202008 0.032737 0.002603 
6 0.177827 0.026040 0.001893 
7 0.158853 0.021211 0.001400 
and WA’) to achieve a degree of convergence rl-“, n+ and n-G, respectively, 
for sufficiently smooth functions. Table 1 shows that such degrees of conver- 
gence were indeed obtained. Theorem 3b, however, does not assure us of 
achieving degrees of convergence as good as those for the operators defined 
by the trigonometric polynomial kernels l?:‘. It can be shown, in fact, that 
the operators defined by V, , (O) VA,‘) and Vkz) give a degree of convergence not 
better than n-l, IZ-~ and I+, respectively. Table II shows that these degrees of 
convergence were actually obtained. A straightforward numerical integration 
procedure was used to compute the approximations. 
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